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ABSTRACT 

Recently Hofava proposed a non-relativistic renormalisable theory of gravitation, which 
reduces to Einstein's general relativity at large distances, and that may provide a candidate 
for a UV completion of Einstein's theory. In this paper, we derive the full set of equations 
of motion, and then we obtain spherically symmetric solutions and discuss their properties. 
We also obtain solutions for the Friedman-Lemaitre- Robertson- Walker cosmological metric. 



Recently a new four-dimensional theory of gravity was proposed by Hofava \T\, in- 
spired by condensed matter models of dynamical critical systems. It has manifest three- 
dimensional spatial general covariance and time-reparameterisation invariance, but only 
acquires four-dimensional general covariance in an infra-red large distance limit. It may be 
described in a language akin to the ADM 3-1-1 dimensional formulation of general relativity, 
but in which Einstein gravity is modified so that the full underlying four-dimensional co- 
variance is broken. The nature of the modifications is governed by a rather strong principle 
of "detailed balance" [1]. 

In the ADM formalism, the four-dimensional metric of general relativity is parameterised 
as [2] 

dsl = -N^dt^ + g,j{dx' - N'dt){dx^ - Wdt) , (1) 

where the lapse, shift and 3-metric N , and gij are all functions of t and x*. In the 
simplest version of the theory in [1] , the lapse function N is viewed as a gauge field for time 
reparameterisations, and it is effectively restricted to depend only on but not the spatial 
coordinates x*. A closer parallel with general relativity is achieved if this "projectability" 
restriction is relaxed. Thus one may take a broader view of the Hofava proposal as a 
class of theories in which the relative coefficients of the terms in the ADM decomposition 
of the Einstein-Hilbert action are modified, and additional terms involving higher spatial 
derivatives are included too. The higher derivative terms can improve the renormalisability 
of the theory, without the usual attendant problems of ghosts that would arise if higher time 
derivatives were present too. In this letter, we shall take the broader viewpoint (discussed 
also in |^lj) in which the theory is essentially a class of 3-1-1 dimensional modifications of 
general relativity. 

The ADM decomposition ([T]) of the Einstein-Hilbert action is given by 

Seh = J d^x^N{K,,K'^ -K^ + R-2K), (2) 

where G is Newton's constant and Kij is defined by 

K^, = ^[9^1-y^Nj-VjN,). (3) 

Here, a dot denotes a derivative with respect to t. 

The action of the theory proposed by Hofava [T] can be written as 

S = j dtd^^{CQ + Ci), 

- ^gN^-^{K,,K ^-XK) + ^^^-^^ 1 , 
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^1 = v^^ r!on' .y ^^ - I c^^. - ^R'^ ) ^ (4) 




32(1 - 3A) 

where X,k , fi ,w and A]y are constant parameters, and Cij is the Cotton tensor, defined by 

C^^ = e'k'Vk (r'i - ^RSi] . (5) 
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Comparing Cq to that of general relativity in the ADM formalism, the speed of light, 
Newton's constant and the cosmological constant emerge as 



(One can without loss of generality choose units so that c = 1. Indeed this was done in ([T]) 
and Furthermore, the requirement that Cq be equivalent to the usual Einstein-Hilbert 
Lagrangian, and thus have four-dimensional general covariance, implies that one must take 
A = 1. In Hofava gravity, A represents a dynamical coupling constant, susceptible to 
quantum corrections [Ij . In order to recover general relativity in the infra-red limit, the other 
dynamical coupling constants would need to flow so that ^ 0, A-w — > oo and w ^ co, with 
n'^Aw fixed. (There would also need to be a fine-tuning dynamical mechanism, presumably 
from a matter sector, to subtract the now-infinite cosmological constant proportional to 
lJ?Ay^.) Note from ([6]) that for A > |, the cosmological constant K\y has to be negative. 
The cosmological implications of the action (HD were recently discussed in [31 S] . See also 

The constants /U and w"^ are real, and have their origin as the Newton constant and 
Chern-Simons coupling of Euclideanised three-dimensional topologically massive gravity 
[6]. However, if we make an analytic continuation of these parameters, namely /i — > i//, 
—iw"^, the four-dimensional action remains real, with the sign of all terms except 
{KijK^^ — XK^) in ^ now being reversed. In this case, the emergent speed of light becomes 
c = /U-\/A4y7(3A"~^Ty. The requirement that this speed be real implies that Aw be 
positive for A > |. 

We now consider the equations of motion for the action The equation following 
from the variation of A^, is purely algebraic, and is given by 

k2 ^ ^ ^ 8(1 - 3A) 32(1 - 3A) 2w^ ^ ^ ^ 

where 

Zij = Cij - ^^-^Rij . (8) 
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The variation 5N^ implies 

VkiK''^ - XKg^^) = 0. (9) 

The equations of motion due to the variation of 5g'^^ are more comphcated; they are given 
by 

- + 8(1 -3A)^^^- + 32(1 -3A) ~ 4^^^^ ~ ^^'^ " ° ' 

where 

-2NK,kKj^ - ^NK'^^KkeOij + NKKij + Kij , 

Elf = ^NK^Qi, + NidjK + NjdiK - N\dkK)g,, + K g,j , 

Elf = N{Rij - ^Rgij + ^Aw9ij) - (V^Vj - VfcV^)iV , 

Elf = NR{2R,j - ]^Rgi,) - 2(V,V, - gijVky^){NR) , 

Eff = Vk[y3{NZ\)+V,(NZ\)] - Vk^^NZ,,) - V i{N Z''')g,j , 

Eff = -^NZkiZ^'gi, + 2iVZ,fcZ/ - iV(Z,fcC/ + Z.^C^) + NZkiC'^'g.j 

— -j^ k[N ^"^^^ {Z-miRje. + ^mj-Ri^)] + -^R"" i"^ n[Ne"^'^^ {Zmigkj + -^jnj^fci)] 

-iv„[iVZje'"'='^(5fcii2,^ + gkjR^e)] - ^V„V"V,[iVe"^'=^(Z„,5,^ + 



+77V,[ViVfc(iVZ^,e"*'=0 + V,Vfc(iVZ™e™^^)] - V„V,Vfc(iVZje™'=^)5^, . (11) 



(The equations of motion were also obtained in [4J.) Note that in deriving these equations 
of motion, we have relaxed the "projectability" restriction and allowed the lapse function 
N to depend on the spatial coordinates x'^ as well as t. Had we not done so, equation ([7]) 
would instead have to hold only when integrated over all space. Obtaining general relativity 
in an infra-red limit could then be problematical. 

We may now seek static, spherically symmetric solutions with the metric ansatz 

ds^ = -N{rf df + ^ + r\d9^ + sin^ Odc/)^) . (12) 

If we consider a system with the Lagrangian Cq only, we obtain the (A)dS Schwarzschild 
black hole with 

N^ = f = l-lAwr'--. (13) 
2 r 
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The easiest way to obtain the solution for the full Lagrangian Cq + Ci is to substitute the 
metric ansatz into the action, and then vary the functions N and /. This is a valid procedure 
since the ansatz contains all the allowed singlets compatible with the SO{2>) action on the 
S"^. The resulting reduced Lagrangian, up to an overall scaling constant, is given by 

C = -^{2-3Awr -2f-2rf -^^f + ^-^ ). (14) 



There are in total three solutions The first solution is given by 



f = l + x\ x = y/-Awr. (15) 

This is valid for all A, but strangely enough, the function N{r) is unconstrained. This 
suggests that if we have a hyperbolic spatial section, the Newtonian potential associated 
with gtt = —N"^ can be an arbitrary function of r. (In fact, with / given by (jlSp . we have 
verified that can be an arbitrary function of all the space-time coordinates.) As we shall 
show later, this particular feature is specific to the choice of coefficients that was made in 
[l] in order to satisfy the condition of "detailed balance." 

There are two more solutions, in which both / and are determined, given by 

f = l + x^-ax ^-1 , N = x ~ //, (16) 

where a is an integration constant. For the solution to be real, it is necessary that A > 1/3. 
It follows from ([6]) that Kw is a negative cosmological constant if we consider the action 
@] is a positive cosmological constant if we consider instead the action with the 
continuation /x — > i/x, nP' —'mP'. In the limit where A = 1/3, the function / becomes that 
of the (A)dS black hole (jl3p . but with twice the cosmological constant. The solution has a 
curvature singularity at x = for general A. It also has a curvature singularity at x = oo if 
(2± V6A-2)(A- 1) > 0. 

It is of particular interest to investigate the A = 1 solution, in which case, the functions 
/ and N are given by 

iV^ = / = l + x^-aV^. (17) 

The solution is asymptotically AdS4, with a horizon aX x = Xj^, where is the largest root 
of /. The temperature is given by 



(3xi - 1)^^A^ 



(18) 



^We have also verified that aU the solutions indeed satisfy the full set of equations of motion (O, ((U and 

nni). 
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There exists an extremal limit in which a = 4/3^/^, with the horizon located at a; = l/\/3) 
for which the temperature vanishes. The solution interpolates between the AdS2 x at 
the horizon and AdS4 at asymptotic infinity. The significant difference between the solution 
p!7|) and the usual AdS Schwarzschild black hole suggests that general relativity is not 
always recovered at large distance!^ 

The action ^ was obtained by imposing the condition of detailed balance . We may, 
however, entertain the idea of deviating slightly from detailed balance, by considering the 
Lagrangian 

£ = £o + (1 - ■ (20) 

There exist two pure AdS4 solutions. The function / is given by 

f=^~/^ (21) 

where e can take both positive and negative values. The remaining equations imply that 

e{kwr N + {I + e - kwr'^)N') = ^ . (22) 

Thus we see that when detailed balance is satisfied, corresponding to e = 0, the function N 
is unconstrained, as previously noted. For e 7^ 0, we find that N"^ = /, giving rise to the 
AdS4 spacetimes. 

The general solution for / and can also be obtained, in the case of non-vanishing e. 
Owing to its complexity, we shall present only the special case where A = 1, for which it is 
given by 



X 
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Va^(l-e^)x + e^x4 



=/ = l + ^-o- ^ ' \ • (23) 



1 - e2 1 - e2 

The large distance behaviour of the function / is given by 



/ = 1 + T— -;^ + 0(0- (24) 

1 + e 2ex 



^ It was observed in [7] that by writing the Schwarzschild metric in Painleve-GuUstrand coordinates, it 
does in fact satisfy the projectabihty condition (with — 1). We find that the AdS-Schwarzchild black 

hole can also be written in Painleve-GuUstrand type coordinates, and it is given by 



ds^ = -dt^ + (dr + + d?j ' + r^dn' . (19) 

Since in this coordinate system Qij is fiat, it follows that the metric, with no modifications, gives an exact 
solution to the Hofava theory with A = 1, since the higher-order derivative corrections, from jCi, vanish. 
However, owing to the negative cosmological constant Aw, the solution has no asymptotic r oo region. 
(Recall that one no longer has the freedom of four-dimensional general covariance.) 
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Thus we see that for non- vanishing e, the metric has finite mass, which becomes divergent 
for the detailed-balance value e = 0, in which case the function / becomes the one given in 
(fT7|). When e = 1, the solution becomes the AdS-Schwarzschild black hole (fT3|) . 

We may also look for cosmological solutions of the Friedman-Lemaitre- Robertson- Walker 
form 



ds^ = -dt^ + a^t) 



(25) 



1 — kr"^ 

where = 1, 0, —1 corresponding to a closed, flat or open universe respectively. Supposing 
that the matter contribution is equivalent to an ideal fluid, we find that 

_ 2 (Kw SttGnP k k^ \ 
\aj 3A-ll^2 ^ 3 a^^2Away' ^ ^ 

a 2 ( Kw AttGn _Jl_\ for\ 

It is interesting to note that for A; = 0, there is no contribution from the higher-order 
derivative terms in the action. For k ^ 0, these contributions becomes dominant for small 
a, but weak at large a, implying that the cosmological solutions of general relativity are 
recovered at large scales. 

For vacuum solutions with p = p = 0, we have 

It follows from ([6]) that for the action the right-hand side of the equation is negative 
definite for A > |. Thus in this case, solutions only exist when k = —1, in which case a is 
a constant given by = —1/A\y. 

We can instead consider the action which is obtained from the analytic continuation 
p — > ip, w'^ — > —iw'^ we discussed earlier. The reality condition for the speed of light now 
implies that Aw is positive for A > |. The solution is given by 

= — + aeV3X^ . (29) 
Aw 

It is of interest to note that for k = 1, there is a minimum scaling factor Omin = ^/V^W- 

In this paper, we have studied the recently-proposed non-relativistic and renormalisable 
gravity theory introduced in [Ij. We derived the full set of equations of motion, and then 
considered the static, spherically-symmetric solutions. We found that there exists a solution 
where the spatial section is a hyperbolic space and the metric component gu = —N"^ can be 
an arbitrary function of all the space-time coordinates. We demonstrated that this feature 
occurs because certain coefficients in pLj are chosen to satisfy a condition of detailed balance. 
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The system also admits AdS2 x 5^ vacuum solutions. In addition, there exist black hole 
solutions that interpolate between AdS2 x 5^ at the horizon and AdS4 at asymptotic infinity. 
The asymptotic fall-off of the metric for the black hole solutions is much slower than that 
of the AdS-Schwarzschild black hole in general relativity, suggesting that Einstein's gravity 
does not always appear to be recovered at large distance. We also obtained cosmological 
vacuum solutions. 
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